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Abstract

Solutions of the g-deformed Schrodinger equation are presented for the
following potentials: shifted oscillator, isotropic oscillator, Rosen—Morse II,
Eckart II, and Poschl-Teller I and II potentials. Various properties of solutions
to such equations are discussed including the limit case ¢ — 1 that corresponds
to the non-deformed Schrodinger equation.

PACS numbers: 02.70.Bf, 02.30.Gp, 02.30.Ks, 02.30.Hq

1. Introduction

In this paper, we study the solution of the eigenvalue problem

—831p(x) + W), + V() (x) = EY(x), (1.1)
where 0 < ¢ < 1 and

8, (x) = ‘”()(Cl):—;”)i‘m, (1.2)

for the family of the second-order g-difference operators which include g¢-Schrodinger
operators with potentials being a g-deformation of the shifted oscillator, isotropic oscillator,
Rosen—Morse II, Eckart II, and Poschl-Teller I and II potentials.

Our investigation will be based on the factorization method [12] as well as on the theory of
the classical g-orthogonal polynomials related to g-difference Hahn equation [11, 13]. In the
limit ¢ — 1, the g-difference equation (1.1) becomes the second-order differential equation
which could be interpreted as one-dimensional Schrédinger equation or the radial part of
the three-dimensional Schrodinger equation. Another motivation for the investigation of the
problem in question is related to the possibility to use the g-difference equation (1.1) as an
intermediate step for the numerical treatment of the corresponding differential equation. There
is also some mathematical reason, since spectral analysis of the second-order g-difference
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operators gives a link between the theory of g-special functions [8] and spectral analysis of
Jacobi-type operators [16].

The content of the paper is following. In section 2, we construct the chain of Hilbert
spaces Hy, k € N U {0}, of functions which are square integrable with respect to the Jackson
g-integral with a weight function. It is also shown that in the limit ¢ — 1 one obtains Hilbert
spaces related to the classical orthogonal polynomials as well as to the eigenvalue problems
for the Schrodinger operators.

The family of solutions of the eigenvalue problem of the corresponding ¢-difference
Schrodinger operators Hy : H; — Hj with various potentials is presented in section 3. All
these solutions are expressed in terms of the basic hypergeometric series.

2. A chain of the factorized g¢-difference operators
Let us consider the sequence of the vector spaces Vi, k € N U {0}, consisting of the complex-
valued functions ¥ : [a, b], — C on the g-interval

[a,bl, :==1{q"a:n e NU{0}} U {q"b :n e NU{0}}. 2.1

We also assume that V), are equipped with the scalar products

b
(Yloh := / Y @)k (x) dgx (2.2)

defined by Jackson g-integral [8]

b 0 o0
[ v =Y a-aavuan - Y a-odaea @y
a n=0

n=0

taken over [a, b], and dependent on the weight function ¢y : [a, b], — R, where 0 < g < 1.
In the case when a = 0 and b = oo, by the definition one assumes

00 q" o0
/O Y dyx = lim /0 Y=Y (=" f(g") @4

n=—0oo
and in the case if a = —o0 and b = oo we define
o0 q_" oo o0
| v tim [ ymar= Y a-agvan+ Y - o ve.
oo g

n=—0o0 n=—0o

(2.5)

see [8]. Let us remark here that the scalar products (2.2) are not positively defined in the
general case.
The main object of our considerations will be the sequence

H; = Zi(x)9, Q‘laq + Wi(x)0, + Vi (x), (2.6)
k € NU {0}, of the g-difference operators Hy : V; — V) symmetric

(U Hrp)r = (Hpwr o) 2.7

with respect to the scalar products (2.2), where ¥, ¢ € D(Hy). The definition of the domain
D(Hy) for Hy will be given below. Condition (2.7) gives the following relationships:

0y (Zrox) = Wiok, (2.8)
Zor (W Q0 — 9019, 9)|5= 0 (2.9
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for the functions Z, Wy and o4, where (2.9) holds for any ¢ and ¢ from D(H;). Let us note
here that gla, bl, € [a, b],. Hence, the g-difference operators

Oy (x) := ¥ (gx), (2.10)
_Y(x) —¥(gx)
0¥ (x) = TR va— (2.11)

and thus the g-difference operator (2.6), are correctly defined in V.
Assuming in (2.6) that

q—Qky+y—l
L=~ I B )1+ (1= g")g" 7% filg™ ), (2.12)
—k _
Wi(x) = 2 Vx'—y(Bkm (ﬁ(x) —q ' filg 'x) - uq"‘w“x‘y)
[v] [v]
—Ar(1+(1— qV)q"Vfok(x))), (2.13)
—ky
Vi(x) = —q[ ] X7 Br(x)8, 07! fi(x) — Ar(x) fi(x)(L+ (1 — g")g" x fi(x))
+ B (x) fE(x) + a, (2.14)
we factorize
H, = Ak*Ak + ay, a, € R, (2.15)

the second-order operators Hy, as a product of two first-order g-difference operators Ay : V; —
Vi—1 and A7 : Vi1 — Vi given by

q "
Ac= " T fi 2.16)
A = <qkyxlya +fk)*
RIS ’
_ q_ky I—y -1 Y\ kY 7
=T X VB0, 07 + B fi — Ar(L+ (1 —g")q" " x” fi), (2.17)
where as usual [y] = %, see [6, 7, 9, 10]. In the following, according to [6], we will
assume that
Bi(x) = ¢*7 "V B(g*), (2.18)
ky—k
Ac) = T (B(g"x) — ¢ B)), (2.19)
—q
g5 |DGgx) 1
filo) = - . (2.20)
(I=g")xv\ Bx) (1—g")g"rxY
where
B(x) = byx> + by x + by, (2.21)

D(x) = (by+ (1 = q")lylg ™" (ag — a))x” + (b1 + (1 — g")e)x + by, (222)
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by, b1, by, c,ap,a; € Rand y > 1. We require that the parameters ay, a;, ¢, by do not depend
on gq.
Now, let us fix a solution y[f,? of the g-difference equation
Ayl =0 (2.23)

and choose gy : [a, b]; — R in such a way which ensure the positivity of the scalar product

b
(WYl Wi = / PO P20 o () dyx, (2.24)

for Y, = Py 1//,9 € Vi. Then, we define the unitary space
Hi = { Py € Vi s (Ylyride < +oo}, (2.25)

which in special case could be Hilbert space. If it is not the case, we complete H; to be the
Hilbert space by the standard completion procedure. Restricting the operator Hy. : H; — H;
(2.6) to the space H; and keeping in the mind the factorization conditions (2.12), (2.13)
and (2.14) we find that the symmetricity conditions (2.8) and (2.9) for H;, take the following
form:

q
dq ( ™ xl‘VBka) = Aok, (2.26)
X7 Buoe[W? (P~ Ry — RQ ' Py =0, (2.27)

for Py, Ry € D(Hy) C Hy.
In order to avoid such restrictive condition on the domain D(Hy), we replace (2.27) by
the stronger condition

A Bowl) =0, (2.28)

which one can consider as a boundary condition for the g-Person equation (2.26).
In the limit ¢ — 1, since 9, — %, the operator (2.15) tends to the second-order ordinary
differential operator

H =Al"Al +4d], (2.29)

with the operators A} and A,l* given by

d .\ 2k(y ' =1 —1 N (yao —ya — y‘lbi)x2 +ex +y by

Al 4 .30
KTV dx 2xY 2xY Bl(x) ( )
* 2y d 1y d

A=yl lBl(x)a+ky Lx? l<aBl(x))

k(1 =y~ = DB (x) + (yao — yar — y 'by)x* + ex +y by
+ . @30

2x2-r

These operators act in the Hilbert space H, which consists of the complex-valued functions
square integrable with respect to the scalar product

b
Wil = [ 1ol i Poi dx. e

obtained from (2.24) when ¢ — 1. Let us note here that the set [a, b], becomes the usual
interval which we denote by [a, b]; and the g-integrals (2.3), (2.4) and (2.5) converge to the
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corresponding standard integrals in the limit ¢ — 1 and o} = lim,_.1 0x. The parameters b,

and b| appearing in (2.30) and (2.31) are defined by
B'(x) :=bix*> +blx + by = lim B(x).
q—

In the limit case, when ¢ — 1, we use the following notation:
Y (%) = PL) 'y (),

where

P (x) = lim P (x),
q—
() = lim ).

The solution of (2.23) takes the following form:

2 2 1),.2
v ag— y-ay — by))x“+ycx+b
") (x) = Cx*r=D*T exp (—/ (vPao =y — bs) v 0 dx),

2xB'(x)

when ¢ — 1. The formula

i Vi

X 1 qx
(x_i’ q)oo (1 X ) o] limg =

(% d) 1

X

where
(a;q)r=0—-a)l —qga)---(1 _C]k_la),

k € NU {oco} andi = 1, 2, will also be useful in the intermediate calculations.

(2.33)

(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

Having defined By, Ay and f; by (2.18), (2.19) and (2.20) one obtains the families
of solutions of the g-Pearson equation (2.26) and equation (2.23). They are specified by
parameters by, by, by, ¢, ap,a; € R. In formulae given below we denote the roots of the
polynomial B by x; # 0, x, # 0. Similarly, by y; # 0, y» # 0 we denote the roots of the
polynomial D. According to this notation one has the following list of the admissible scalar

products:
(i) If by # 0, b9 # 0 and by + (1 — g")[y1g 7" (ap — a1) # 0, then

xI=y)(2k+1)

ok(x) = ,
(xil; )k+1 (f_z’ q)k+l
) = (1= @k+1)
Ok - (x — xl)k”(x _ xZ)k+1 ’
la,bl, = [q "x1, ¢ %20, x| < X2,

la, b]y = [x1, x2],

(£14) o (5:9)
(50) (L5 a)

y2b1 (ag—ay) _
by

‘ﬁ/?(x) — Cx(}/*l)(/ﬁ%)

2~y (@g—a;) ve

IWI?(X) = Cx(y—l)(’ﬁ%)(x —X1) B 24/t

Y2y @p=ap)
by

2by—y2(ag—ay) ve
£ 2
2./ b3 —4byby
X (x — x2) \/ 17%72%

(2.40)

(2.41)

(2.42)
(2.43)

(2.44)

(2.45)
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(i) If by # 0, by # 0, by + (1 — ¢")[y1g " (ap — a1) = 0 and by + (1 — g¥)c # 0, then

(1= @k+D)

or(x) = ,C. , (2.46)
(x_l’ q)k+1 (Z’ q)k+l
1 (1) k1)
oy (x) = m, (2.47)
by
la,bl, = [q *x1, 7" x2],, (2.48)
b
la, b]; = [——O, oo], (2.49)
by
w}?(x) — Cx()/—‘)(k%) (x_l; q)oo(z; q)oo ’ (2.50)
(—(2+0-g"E)gxiq),
by *L'Vﬂ/z(ﬂofﬂl ) Zf? 5
b % _
") = Cxr Dk (x4 2 1 exp —Mx ) (2.51)
by 2b,

(iii) I by % 0, by # 0, by + (1 — g")[y1g~" (a0 — a1) = 0 and by + (1 — g”)c = 0, then

(1= @k+D)

“ T 2
0 (x) = x 17D (2.53)
la,bl, = [q *x1, g " x],, (2.54)
[a, b]; = [—00, 0], (2.55)

w£<x>=Cx<V—‘><k+5>\/<i;q) (i;q) , (2.56)
X1 0o \ X2 00

yiap—a1) , yc )
L P x).

2.57
4bg 2b ( )

() = Cx V6D exp (

(iv) If by # 0,5y # 0,69 = 0,b2 + (1 — g")[ylg 7 (a0 —ar) # 0and by + (1 —q”)c # 0,

then
k(1=2p)—y
ocx) = ) (2.58)
(_Ex; q)k+l
’ ck(-2y)—y 2o
0,(x) = —n—, (2.59)
k (x + Z_;)kﬂ
b b
la,b], = [0, —q_k—1j| for L <o or
214 by

b
la, bl, = [—q—k—‘ } for  — >0, (2.60)
q
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b b
la,b], = |0, — or la,b] = |—22,0 2.61)
b2 b2
k(y—1)+%+log, /T+(1—q") < (—%x; ‘1)
PPy = oMo I e , (2.62)
_ bat(—g")[ylg~"(ap—ar) X )
( bir(l—q")c 4% 9)
by \ ~ et g
Y ve 2 21
Ld(x) = Cx* T (x + b—‘) . (2.63)
2
(V) It by # 0,b1 # 0,bp = 0,b2 + (1 — q")[ylg 7 (ao —ar) = 0and by + (1 — q")c # 0,
then
yk(=2y)=y
ok(xX) = —p———, (2.64)
( X q)k+1
o (x) = x 172y (2.65)
b b
la, b, = [ , qk—1i| for 1 oo or
214 by
b b
la,bl, = | —q =, for  — >0, (2.66)
b2 q b2
[a, b]; = [0, 0] or [a, b] = [—00, 0], (2.67)
¢k(x) ka(y D+% +log, /1+(1— qV)b / —@X q (268)
0 (x) _ ko-DeE-g exp Y (ao—dl)x ' (2.69)
2b,
(vi) If b, =0, by # 0 and by # 0, then
x =) 2k+D)
ok(x) = — , (2.70)
( b q)k+l
| x(l—y)(2k+l)
o(x) = ————, @2.71)
k (x + Z)_(I))k+1
b
la,bl, = |—qF =, 00| | 2.72)
b’ ],
b
la, b]; = [——O, oo] : 2.73)
by
by ...
_biyg
Y(x) = Cxr Db+ qx(. bo ﬂ)_“ , (2.74)

ye ybomo ap) 1

b 3w + +2 2 _
1%?()() — Cxr—Dk+D) <x " bo) ! » exp <—%x> ) (2.75)
1 1
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(vii) If by = by = 0, by # 0, ag # a; and by + (1 — g?)c # 0, then

or(x) = x =2y (2.76)
0p(x) = xF1=27, Q2.77)
[aa b]q = [07 OO]q, (278)
[a, b]; = [0, o0], (2.79)
KD+ Hiog, /TR E
Vi =C (1—gNlylg~" (@—ap ’ (2.80)
\/(_ d—ge 4% 7
C 2 —
Ly0(x) = Cxt0 D exp (V074D ) 2.81)
2b;
(viii) If b = bg = 0,b; # 0, a9 # a; and by + (1 — g¥)c = 0, then
or(x) = x =2y (2.82)
[a5 b]q = [0’ OO]q, (2.83)

=D+t og, \[(1=g7)lylg 7 “5e
S — C . (2.84)
V(2 @oo(=x71 oo

In the limit ¢ — 1 this case is divergent.
(ix) If b = by = 0 and by # 0, then

or(x) = x 17D, (2.85)
o (x) = x (17D, (2.86)
[a5 b](] = [_OO’ Oo]q, (2.87)
[aﬂ b]l == [_OO, OO], (288)
1
PP(x) = CxrDkeD [ ~ , (2.89)
(;; ‘I)oo(;; q)oo
20 —
ll/fl?(x) — Cx(}’—l)(k-f-%) exp (_%boal).XZ _ ;_;)x) . (290)

In all the subcases presented above except of (iii) and (viii), taking the limit ¢ — 1 we
have assumed that b does not depend on the parameter ¢. Similarly, in the all subcases except
of (i), (ii1), (v) we have assumed that b, does not depend on the parameter g.

Let us now determine the values of the parameters b,, by, by, ay, a;, ¢ for which the scalar
product (2.24) is positively defined

b
/ 1P |20 [P0 (x) dyx > 0. 2.91)

In order to avoid of the cumbersome consideration we will restrict our attention to the
generic case (i), when b, # 0 and by # 0. In this case, we obtain from (2.40) and (2.44) that
the positivity condition (2.91) for the scalar product is equivalent to

X < 0< X2 (292)
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<an+l)€1 . q) (an+1x1 . q) 0
i 00 oo 00
qnfk+1x2 qnfl<+1x2
—iq —q) >0
V1 ) Y2 00

for n, k € N U {0}. These conditions are fulfilled if either y; = y, or one of the following
inequalities

and

(2.93)

(@) y1 > gxp and y, > gx»,
(b) y1 < gx1and y> < gx,
(©) y1 <gxiand y; > gxo

are satisfied.

3. The solution of the eigenvalue problem

The factorization method is known, see [12, 14], to be based on the following relation:

AA +a = Q7' A AL O + arsr,s ke NU{0}, 3.1
which gives

Hii1 (Afy Q) = (A, Q¥ (3.2)
provided that vy, € Vj is a solution of the eigenvalue equation

Hy e = A (3.3)
Particularly, if the function W}? € V satisfies (2.23) then

Hey = avyy 3.4
and
H(AFQ  Af_, 0V,) = akenAFQ - Ay, OV, n=1,....k. (3.5)

One can show (see [6]) that the factorization relations (3.1) are fulfilled for Ay and A} given
by (2.16), (2.17), (2.18), (2.19), (2.20), (2.21) and (2.22) if

. [k — 1]{k]
ay = —611 k (Clo[k — 1] —ai[k] + qybz[VT> . 3.6)
Keeping in mind the factorizing property (3.1) we look for the solutions
1) = Pl )Y (x) (3.7)
of the eigenvalue equation (3.3) under the condition
A = @k, (3.8)

where a; is given by (3.6). Substituting (3.7) into (3.3) and using (2.23) one obtains the
second-order g-difference equation

—q 7' D(gx) P (gx) — B(g"x)P!'(qg"'x) + (¢ "' D(gx) + B(¢"x)) P (x)
= (1 —g"(gh+ (1 —g"Nlylg " (a0 — a1) — ¢* "br)x* P{ (x). (3.9)

for the function P! (x). Equation (3.9) is Hahn equation [11] solutions to which could be
expressed in terms of the basic hypergeometric series

(3.10)

A >\ (@ @rlaz; Qrlas: O
di.dy |7 >_Z

¢ (01,02,613
392 q;Xx X
(dv; Qi(dr; @) (q; @)k

k=0
see also [13].
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In the limit ¢ — 1, equation (3.9) for the function lPk” (x) becomes the generalized
equation of hypergeometric type (see [15])

N 2 2 1 1 dy,.
B (x)@ Pl (x) — ((y ay—y-ay+2by(k — D)x+yc+b,(k — 1))a Pl (x)
+(ny*(ap — ar) +bn(2k —n — 1) P (x) =0 (3.11)
and the factorizing condition (3.6) has the form
ai = —aptk — 1) +ajk — by *k(k — 1). (3.12)

We show later that after appropriately chosen change of the variable the eigenvalue
problem for the operators (2.29) reduces to the wide class of the stationary Schrodinger
equations. So, it makes sense to consider the family (2.15) as g-deformation of this class of
Schrodinger operators. Thus, solving of (3.3) has a physical motivation too.

We look for the solutions of the eigenvalue problem for the operators (2.29) in the form

W) = lim (0 = TP 00 ), (3.13)

where ' P/ are solution (3.11) and 'y is given by (2.37). Making the transformation
'y — @f! defined by

2k+1

Lyt () = (77BN @) ¢la), (3.14)
o (3.15)
(B'(x))?

one maps the family of solutions 'y to the family of solutions ¢} of Schrédinger equation
with the suitable potentials Vj.

Summing up we shall present the solutions of (3.3) in consistency with the list of the
weight functions g (x) and solutions 1/f,? (x) of (2.23) given in the previous section.

(1) Big g-Jacobi orthogonal polynomials. In this case, solutions of (3.9) are

X
q;q (3.16)

q" by
[y1?
xX—X]

In the limit ¢ — 1, equation (3.11) after the change of the variable y = sz—m — I can
be transformed into the equation for the Jacobi orthogonal polynomials and its solution

—n —2k+n+1 x1x2 4
qg 4 31

n _ yiva’ oy
P (x) =3¢ ( gm gk
»n’ Y1

and the eigenvalues are

Ay =aoln —k+ 1] — gai[n — k] +

[n —k+1][k — n]. (3.17)

is given by
Upngon — paf o @+ D —n,n+ap+pfr+1|{1—y
Pl (x) =P, ) = — 2 b o+ 1 - ) (3.18)
where
2 —_— f—
=7 @—-a) vyl —a)x +C)’ (3.19)
by ba(x2 — x1)
B=—1+ Y (y(ao —a)xi +0) (3.20)

by (x2 — x1)
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After the transformation (3.15) given by

A o by
x = /@cosh(y Vba(z —¢)) — b, (3.21)

A Giny-! bs| by (3.22)
X = [—=sI - —, .
a2 MY VIR Ty,

we obtain the Schrodinger equation with the Rosen—Morse Il potential (for b, > 0)

Vi(z) = Dy cothy ~'/ba(z — ¢) cosech® y ' /ba(z — ¢)

or

+ D, cosech? J/fl\/b;z(z —c)+ D; (3.23)
or the Eckart Il potential (for b, < 0)
Vi(z) = Dytany ~'/|balz sechy ~'/|balz + Dy sech® y ' /|balz + D3, (3.24)

respectively, where D and D, depend on the parameters b,, by, by, ag, a;, ¢, y .
(ii) Big g-Laguerre orthogonal polynomials. In this case, solutions of (3.9) are

g0, —(R+(1—g")E)gx
Pl (x) = 3¢» R 0 -k |99 (3.25)
‘ (B =g E)g (B + (1= g E)g
and the eigenvalues are
M= q" " aoln — k+ 11— arln — k). (3.26)

Inthe limitg — 1, equation (3.11) after the change of the variable y = ”2“‘+”‘) X (x + ’;—‘1’)
can be transformed into the equation for Laguerre’s orthogonal polynomials and its
solution is given by

Upr(x) = L@ (yy = @t Dn —n
Pl =Ly = ——=F (1) (3.27)
where
2
y“(ao — a1)b
ap = % —yc+k. (3.28)
1
After the transformation (3.15) given by
)
Yy bi 5 bo
=L 2= 3.29
x PR (3.29)
we obtain the Schrodinger equation with the three-dimensional isotropic harmonic
oscillator potential
2 D2
Vi(z) = D1z +Z—2+D3, (3.30)

where D) and D, depend on the parameters by, by, ag, a;, ¢, y.
(iii) Al-Salam—Carlitz Il orthogonal polynomials. In this case, solutions of (3.9) are

-1
L —n ﬂ k+1
Pﬂ(x)=(—j§—i) q'22¢0 (q E)) P x) (3.31)

X1
and the eigenvalues are

AL :qk_”(ao[n—k+1] —ai[n — kJ). (3.32)
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In the limit ¢ — 1, equation (3.11) after the change of the variable y = =,/ ”Z(ZOT;‘“) X

(x + m) can be transformed into the equation for Hermite orthogonal polynomials
and its solution is given by
. _n _n—l1 1
Pl(x) = Hy(y) = (2y)" 2Fp ( S ;) : (3.33)

After the transformation (3.15) given by
X = y_lJbzz, (3.34)

we obtain the Schrodinger equation with the harmonic oscillator potential
Vi(2) = D12 + Dy, (3.35)

where D) and D, depend on the parameters by, ag, a;, ¢, y.
(iv) Little g-Jacobi orthogonal polynomials. In this case, solutions of (3.9) are
+1 a bk

n q9".q9"
P'(x) =
(X)) =201 ( ”

b
q; —¢""! —zx) , (3.36)
by

where dy = ¢7*(1 + (1 — 95 b =q * b' et Zli)([ly ]2;§fa° 4) and the eigenvalues are

Vb
AL =apln —k+1] — qai[n — k] + CE ]22[}1 —k+ 1][k — n]. (3.37)
4
In the limit ¢ — 1, equation (3.11) after the change of the variable y = ZZ—T)C + 1 can be
transformed into the equation for the Jacobi orthogonal polynomials and its solution is
given by ' P{'(x) = PP (y), where

20, _

o =Y a) ve g (3.38)
by b

o= —k— LS. (3.39)
b

After the transformation (3.15) given by

b
— 2 2 Y */—( —0) (3.40)
bz
or
b -1 /Tb
v= i VT'Z'z, (3.41)

we obtain the Schrodinger equation with the Péschi-Teller II potential (for by > 0)

—1 —1
Vi(2) = D cosech?l Y22 */_( — &)+ Dysech? Y22 ‘/_( — o)+ Ds (3.42)

or the Poschi-Teller I potential (for b, < 0)

27/71 D2 2)’71 |bs]

Vi(z) = D cosec z+ D sec z+ D3, (3.43)

respectively, where D; and D, depend on the parameters b, by, ag, ai, c, .
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(v) Little g-Laguerre/Wall orthogonal polynomials. In this case, solutions of (3.9) are

0 g0 k1 02
k (X) 2¢l <q—k+l(] + (1 _ q)/)E q q b1x ( )
and the eigenvalues are
M= q" " (aoln — k+1] — ar[n — k)). (3.45)

In the limit ¢ — 1, solution (3.44) gives (3.27). Taking the coordinate transformation
given by (3.14), (3.15) one obtains the case of three-dimensional isotropic harmonic
oscillator potential.

(vi) g-Meixner orthogonal polynomials. In this case, solutions of (3.9) are

g7, L b
Px) =201 [ gt lgs —q" ! —Z (3.46)
b Y201
and the eigenvalues are
M =aoln —k+1] — gailn — k. (3.47)

In the limit ¢ — 1, solution (3.46) gives (3.27). Taking the coordinate transformation
given by (3.14), (3.15) one obtains the case of three-dimensional isotropic harmonic
oscillator potential.

(vii) g-Laguerre orthogonal polynomials. In this case, solutions of (3.9) are

. q; —q"k+1<1 +(1— qy)bil)) (3.48)

—n d—=¢")lylg" (a—a1)
1 2¢1 q s T qbl_‘_y(lq,qy)g !
(@5 D 0
and the eigenvalues are
A =aoln —k+ 1] — qai[n — k]. (3.49)

In the limit ¢ — 1, solution (3.48) gives (3.27) with by = 0. Taking the coordinate
transformation given by (3.14), (3.15) one obtains the case of three-dimensional isotropic
harmonic oscillator potential.

(viii) Stieltjes—Wigert orthogonal polynomials. In this case, solutions of (3.9) are

Pl (x) =

1 —n apg—a
Pl() = —— 14 (q : —¢" (1 = gN)lylg 7 = ‘) (3.50)
(@ 0
and the eigenvalues are
Ay = apln — k + 1] — ga;[n — k]. (3.51)

The limit ¢ — 1 case does not exist.
(ix) Al-Salam—Carlitz Il orthogonal polynomials. In this case, solutions of (3.9) are

. »\" a4 g Y
PP(x) = (——2> a2 < g5 —q —‘) (3.52)
Y1 - Y2
and the eigenvalues are
AL = apln — k+ 1] — gay[n — k]. (3.53)

In the limit ¢ — 1, solution (3.52) gives (3.33). Taking the coordinate transformation
given by (3.14), (3.15) one obtains the case of the harmonic oscillator potential.

In the papers [1-5], one can find the solutions for different models of the g-deformed harmonic
oscillator.
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